In the article, we present several integral estimations for some special functions in the area of bridge engineering.
Introduction
It is well-known that there are many practical problems in bridge engineering need to calculate the integrals of the special functions such as tan λ x, x/ sin x, sin x/x, x λ /(1 − x), x/(e x − 1), arcsin x/x, e −x 2 /x and e x Γ(x)/x x . But the indefinite integrals for these functions can not be expressed in terms of the elementary functions. Therefore, to provide the approximations or estimations for the integrals of these functions is extremely important, and the bounds or inequalities for the integrals of some special functions have attracted the attention of many engineers and mathematicians [1] [2] [3] [4] [5] [6] .
A continuous function f : I ⊆ R → (0, ∞) is said to be geometrically convex (concave) on I if
for all x, y ∈ I. Recently the properties and inequalities for geometrically convex (concave) functions have the the subject of intensive research [7] [8] [9] [10] [11] .
The main purpose of this paper is to present the integral estimations for the functions tan λ x, x/ sin x, sin x/x, x λ /(1 − x) and x/(e x − 1) by use of the properties of the geometrically convex (concave) functions. We recall the definition of geometrically convex (concave) function in the end of this section.
Main Results
In order to establish our main results, we need several lemmas which we present in this section.
Lemma 2.1 (See [12] ). Let 0 < a < b, f : (a, b) → (0, ∞) be a twice differentiable function and g(x) = xf (x)/f (x). Then f is geometrically convex (concave) on (a, b) if and only if g (x) ≥ (≤)0 for all x ∈ (a, b).
2) becomes equality if and only if f is a constant or power function. 
Theorem 2.1. Let x ∈ (0, π/4). Then the inequality
holds for all α > 0.
3)
for t ∈ (0, π/4). From Lemma 2.1 and (2.4) we clearly see that f is geometrically convex on (0, π/4). Then Lemma 2.2 and (2.3) lead to the conclusion that
.
Theorem 2.2. The integral inequalities
x sin x dx ≤ 7π 2 log 3 72 log 3 − 36 log 2 hold true.
It follows from Lemma 2.1 and (2.7) that the function f is geometrically convex on [π/6, π/2]. Then from Lemmas 2.2 and 2.3 together with (2.6) we get
2 log 3 72 log 3 − 36 log 2 .
Then simple computations lead to (1 + λ)
Theorem 2.4. The inequality
holds for all 0 < x < 1 and λ > 0.
. Then simple computations lead to
10)
From Lemma 2.1 and (2.11) we know that f is geometrically convex on (0, 1). Then Lemma 2.2 leads to Proof. Let 0 < a < b < c, f (x) = x/(e x −1), g(x) = xf (x)/f (x) and λ = g(a). Then simple computations lead to
(e x − 1) 2 e x < 0 (2.14)
for all x ∈ (0, ∞). It follows from Lemma 2.1 and (2.14) that f is geometric concave on (0, ∞). Then Lemma 2.2 and (2.13) give
Remark 2.1. Let c > 0 be the unique solution of the equation 2e x −xe x −2 = 0 on the interval (0, ∞). Then from Lemmas 2.1 -2.3 we can easily get the double inequality
for all 0 < a < b < c.
Theorem 2.6. The inequality
holds for all 0 < x < 1.
for 0 < t < 1. It follows from Lemma 2.1 and (2.16)-(2.18) that g(t) is geometrically convex on (0, 1). Then Lemma 2.2 leads to the conclusion that
for 0 < a < x < 1. Let x → 0 + . Then from (2.15) and (2.19) we clearly see that
Remark 2.2. From Theorem 2.6 we get the integral inequalities
Theorem 2.7. The inequality
holds for all 0 < x < √ 2/2.
Proof. Let f (t) = e −t 2 , g(t) = tf (t)/t and µ = g(x). Then simple computations lead to
From Lemmas 2.1 and 2.2 together with (2.20) we have 
for all x > 0.
Theorem 2.8. The inequality
and F (t) = g (t). Then simple computations lead to µ = xψ(x) − x log x, (2.23)
24)
From (2.22) and (2.24) we get
for t > 0. It follows from (2.25) and the inequality 2ψ (t) + tψ (t) < 1/t for t > 0 given in [14] that the function F (t) is strictly decreasing on (0, ∞). Then (2.26) leads to the conclusion that (n + 1) n [1 + n (H n − log n − γ)]
for n ≥ 1, where H n = n k=1 1/k is the harmonic number and γ = 0.577216 · · · is the Euler-Mascheroni constant.
